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Adopting our new method for matching general relativistic, ideal magnetohydrodynamics to its
force-free limit, we perform the first systematic simulations of force-free pulsar magnetospheres in
general relativity. We endow the neutron star with a general relativistic dipole magnetic field,
model the interior with ideal magnetohydrodynamics, and adopt force-free electrodynamics in the
exterior. Comparing the spin-down luminosity to its corresponding Minkowski value, we find that
general relativistic effects give rise to a modest enhancement: the maximum enhancement for n = 1
polytropes is ∼ 23%. Evolving a rapidly rotating n = 0.5 polytrope we find an even greater
enhancement of ∼ 35%. Using our simulation data, we derive fitting formulas for the pulsar spin-
down luminosity as a function of the neutron star compaction, angular speed, and dipole magnetic
moment. We expect stiffer equations of state and more rapidly spinning neutron stars to lead to
even larger enhancements in the spin-down luminosity.
PACS numbers: 04.25.D-, 04.30.Db, 04.40.Nr 95.30.Sf
I. INTRODUCTION
Pulsars are believed to be rapidly rotating neutron
stars (NSs) that lose their rotational kinetic energy pri-
marily due to emission of electromagnetic radiation (see
e.g. [1]). Pulsars are extremely accurate clocks that
can be used to probe fundamental physics, such as the
nuclear equation of state (EOS), and theories of gravity
(see e.g. [2]). They can even function as detectors of
gravitational waves [3].
Pulsars are detectable from radio to gamma-ray fre-
quencies. However, only a small number of pulsars is ob-
servable in the visible bands [4]. Fermi-LAT technology
[5] has allowed the recent discovery of numerous gamma-
ray pulsars. To date there are over 2300 known pulsars [6]
of which over 130 are gamma-ray pulsars [7, 8]: the vast
majority of pulsars are radio pulsars. The most slowly
rotating pulsar is PSR-J2144-3933 [9], with a period of
9.43 s. The most rapidly rotating pulsar is PSR-J1748-
2446ad [10], with a period of 1.395 ms. Hence pulsar
periods cover almost 4 orders of magnitude.
A complete theory that can explain both the radio and
the gamma-ray emission remains elusive. Nevertheless,
our understanding of pulsar physics has been drastically
improved in recent years as a result of computational
simulations that model the global pulsar magnetosphere.
Rapid rotation in pulsars induces strong electric fields
capable of stripping matter off the NS surface and even-
tually populating the exterior with tenuous plasma [11].
Motivated by this result, most global studies of pulsar
magnetospheres adopt the force-free (FFE) limit of mag-
netohydrodynamics (MHD), which is valid in such en-
vironments. Moreover, to simplify the analysis further,
∗ ruizm@illinois.edu
† vpaschal@illinois.edu
‡ slshapir@illinois.edu
most studies consider the case where the NS dipole mag-
netic moment is aligned or antialigned with its angular
momentum. This simple model has been successful in
producing the main features of the pulsar magnetosphere
of an aligned rotator: (i) a near or closed zone, which
corotates with the star, and in which magnetic field lines
return to the stellar surface; (ii) a far or open zone, which
extends beyond the light cylinder radius RLC, and in
which the magnetic lines are open and extend to infin-
ity; (iii) a Y point at the location of the light cylinder,
at which the magnetic field lines first open; and (iv) an
equatorial current sheet. All these features are predic-
tions of the so-called pulsar equation [12, 13].
The first successful numerical solution of the pulsar
equation was presented in [14], which was later followed
by numerous studies [15–21] that probed the global fea-
tures of an aligned rotator in flat spacetime and rein-
forced the global picture outlined above. These studies
did not include the magnetized NS interior and mod-
eled the effects of rotation through a boundary condition
on the spherical stellar surface. Simulations of force-free
magnetospheres have produced important results, such
as a proof of existence of a stationary force-free magne-
tospheric configuration, the calculation of the spin-down
luminosity of force-free oblique rotators [17], and the evo-
lution of the obliquity angle [22], all in flat spacetime.
Recently, there have also been some analytic efforts to
understand the emission from an accelerated isolated pul-
sar in flat spacetime (see e.g. [23, 24]).
In addition to assuming that pulsars possess dipole
magnetic fields, the common assumptions and simplifi-
cations in these earlier studies have been the following:
1. The pulsar magnetosphere is well described by
force-free electrodynamics.
2. The backreaction of the magnetic field onto the in-
terior matter is ignored.
3. Deviations from sphericity of the stellar surface
(e.g. due to rapid rotation) are ignored.
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24. Curved spacetime effects are ignored.
For determining the pulsar spin-down luminosity, as-
sumption 1 is further justified by new results reported in
[25], where a particle-in-cell simulation of the global pul-
sar magnetosphere yields a spin-down luminosity consis-
tent with earlier force-free studies [17]. While assumption
2 is likely to break down in a thin layer near the stellar
surface [26–28], the calculations reported in [29] indicate
that the backreaction of the magnetic field can lead only
to small corrections to the spin-down luminosity. To our
knowledge the extent to which assumption 3 is correct
has never been studied before (likely due to the complex-
ity of imposing boundary conditions on a nonspherical
stellar surface). Relaxing assumption 4 has been argued
to lead to important effects. For example, [30] pointed
out that general relativity (GR) can amplify the induced
electric field due to the rotation of the star. It has also
been argued [31, 32] that frame dragging induces an en-
hanced electric field which contributes to particle acceler-
ation in the polar cap region. More recently, the vacuum
Maxwell equations were solved in the curved spacetime
of a slowly rotating NS endowed with a dipole magnetic
field [33]. It was shown that GR results in an enhance-
ment in the spin-down luminosity of a pulsar in vacuum
up to ∼ 34% (see also [34] for an earlier analytic study).
Furthermore, adopting a GR resistive MHD scheme, it
has been reported that the spin-down luminosity from a
GR aligned rotator deviates from the corresponding flat
spacetime value by ∼ 20% [29]. As noted in [29] this
deviation could be due to the adopted resistive MHD
scheme, to the way the flat spacetime spin-down lumi-
nosity formula is applied when dealing with oblate stars
or to GR effects. The origin of the difference could also
be due to the inclusion of backreaction of the magnetic
fields onto the thin layer near the NS surface or some
combination of all these factors. Finally, force-free sim-
ulations of rotating and nonrotating, collapsing neutron
stars have recently been performed in [35]. All these ear-
lier studies indicate that GR plays an important role in
pulsar magnetospheres.
In this paper we perform the first systematic study of
general relativistic effects in the force-free pulsar magne-
tospheres of aligned rotators. We adopt ideal GRMHD
for the NS interior, and model its magnetosphere by
adopting general relativistic force-free electrodynamics.
Using the numerical method we presented and tested
in [36] we match the ideal MHD dense interior to the
force-free exterior. We evolve the stars until the systems
relax and compute the spin-down luminosity after steady
state has been achieved. As in most previous studies we
neglect the back-reaction of the magnetic field onto the
matter interior. Consequently, all our results scale with
the magnetic field strength (or the dipole magnetic mo-
ment).
We split our study into two stages: in the first stage
we treat the “slow” rotation limit. In particular we gen-
eralize the flat spacetime results for the spin-down lumi-
nosity by considering sequences of Tolman-Oppenheimer-
Volkoff (TOV) spherical stars, endowing these stars with
a slow, uniform, rotational velocity, and a general rela-
tivistic dipole magnetic field [37]. When both T/|W |  1
and M/|W |  1, where T , M and |W | are the kinetic,
magnetic and gravitational binding energies, respectively,
the stellar structure remains unaffected and nearly spher-
ical. These simulations allow us to isolate and quantify
the effects of the compaction on the pulsar spin-down lu-
minosity, as frame dragging is not present. We find that
the higher the compaction, the larger the enhancement
in the spin-down luminosity when compared to its flat
spacetime value. The maximum enhancement reaches
∼ 9.3% near the maximum compaction limit.
In the second stage, we treat the “rapid” rotation limit
by constructing self-consistent equilibrium sequences of
uniformly rotating, polytropic NSs using the Cook-
Shapiro-Teukolsky (CST) code [38, 39]. Endowing these
stars with a general relativistic dipole magnetic field (as-
suming M/|W |  1, hence leaving the nonspherical
structure of the rotating star unaffected by the magnetic
field) and evolving until relaxation, we find that rotation
(frame dragging) increases the enhancement of the spin-
down luminosity over the corresponding Minkowski value
even further. The maximum enhancement for n = 1
polytropes is ∼ 23%. Evolving a rapidly rotating n = 0.5
polytrope we find an even greater enhancement of ∼ 35%.
Using our simulation data, we derive fitting formulas
for the pulsar spin-down luminosity as a function of the
NS compaction, angular speed, and dipole magnetic mo-
ment. We argue that general relativistic effects are re-
sponsible for the observed enhancement and not the dis-
torted surface of the star by considering the flat space-
time evolution of a highly oblate, magnetized star. We
find that the spin-down luminosity in this case is prac-
tically the same as for a spherical star. We expect that
stiffer equations of state and more rapidly rotating stars
should lead to even larger enhancements in the pulsar
spin-down luminosity.
This paper is organized as follows. In Sec. II we
briefly summarize our numerical method for evolving and
matching ideal GRMHD to its force-free electrodynam-
ics (GRFFE) limit. We also present the diagnostics we
adopt to monitor these systems. A detailed description
of our initial data is presented in Sec. III. A set of tests
and results are summarized in Sec. IV, where we also
include a resolution study. We conclude in Section V
with a summary and a discussion of astrophysical impli-
cations. Throughout we adopt geometrized units where
G = c = 1.
II. NUMERICAL METHOD
We now briefly describe our numerical technique for
matching ideal GRMHD to its force-free limit. A de-
tailed description of this technique was presented and
tested employing a robust suite of tests in [36, 40]. We
also describe the adopted grid hierarchy of our numeri-
3cal evolution, as well as the diagnostic quantities used to
extract relevant physical information.
A. Ideal MHD-FFE matching
The force-free approximation can be used when the
electromagnetic energy density dominates over the mat-
ter energy density, as in the magnetospheres of black
holes or NSs. Considering that FFE is a limit of ideal
MHD, the ideal MHD equations [see e.g. Eqs. (50)-(53) in
[36]] can be used to evolve both a perfectly conducting,
dense fluid and an extremely low-density plasma, treat-
ing the latter in the force-free approximation. Exploiting
this correspondence, we have developed and tested a new
numerical scheme for matching dense, ideal MHD stellar
interiors to force-free magnetospheric exteriors [36] in GR
when the rest-mass density distribution, velocity and the
spacetime metric are known (see also [35] for an alterna-
tive matching technique). In dense, ideal MHD regions
our method simply advects the magnetic field via the
magnetic induction equation (the “frozen-in” condition).
The interior electric field and the Poynting vector follow
from the ideal MHD condition [see e.g. Eq. (A1) in [36]].
The interior fields at the surface of the star are smoothly
matched to their force-free exterior values.
The force-free dynamical variables we adopt are the
magnetic field B and the Poynting vector S. In terms of
these variables, the force-free constraints ∗FµνFµν = 0
and FµνFµν > 0 [41], where Fµν is the Faraday tensor,
become S · B = 0 and B4 − S2 > 0 [36]. The evolution
equations for these dynamical variables are written as a
set of conservation laws precisely in the same form as the
ideal MHD evolution equations [36, 42], so that the same
GRMHD infrastructure can be adopted to solve both the
ideal MHD and the FFE equations.
When treating pulsars with sufficiently weak magnetic
fields (M/|W |  1) the matter and velocity profiles and
the spacetime metric can be determined to high approx-
imation by solving the Einstein equations for a station-
ary gravitational field in axisymmetry, coupled to the
equation of hydrostatic equilibrium. Since in this work
we assume that the magnetic fields are weak, the back-
ground fluid and metric fields are kept fixed and cor-
respond to stationary, axisymmetric, uniformly rotating
neutron stars. We thus only need to evolve the electro-
magnetic fields in these stationary background matter
and gravitational fields.
B. Evolution method
Our force-free formulation is embedded in the Illinois
GRMHD adaptive mesh refinement code. This code has
been extensively tested and presented in different sce-
narios involving compact objects and/or electromagnetic
fields [43–47]. The force-free module solves the equations
of ideal GRMHD/FFE adopting high-resolution shock-
capturing methods. Here we employ PPM reconstruc-
tion [48] coupled to the Harten, Lax and van Leer ap-
proximate Riemann solver [49].
To enforce the ∇ · B = 0 constraint, the magnetic
induction equation is solved using a vector potential for-
mulation (see [45] for details), coupled to the general-
ized Lorenz gauge condition we developed in [46]. We
choose a damping parameter ξ = 1.5/∆t, where ∆t is
the time step of the coarsest refinement level. This con-
dition is designed to damp and propagate away spurious
electromagnetic gauge modes. The time integration of
all evolution equations is carried out using a fourth-order
Runge-Kutta scheme.
To simultaneously follow the evolution both in the near
and the far zones of the pulsar magnetosphere we adopt a
fixed-mesh refinement grid hierarchy. The computational
grid in all our simulations consists of seven levels of refine-
ment. The length of each refinement box is 2.4Re×27−k,
where Re is the coordinate equatorial radius of the NS,
and k = 1, · · · , 7 indicates the level number. Here, the
highest-resolution level corresponds to k = 7. In a typ-
ical simulation the finest level covers the stellar radius
by 68 zones. The outer boundary is located approxi-
mately twenty NS radii beyond the light cylinder. We
set the Courant factor ∆t/∆x = 0.45 for k = 6, 7 and
∆t/∆x = 0.45/25−k for k = 1, · · · , 5.
C. Diagnostics
We compute the outgoing Poynting luminosity using
both the Newman-Penrose scalar φ2 and the Poynting
vector S [40],
L ≡ 1
4pi
lim
r→∞
∫
r2 |φ2|2 dΩ = lim
r→∞
∫
r2 S rˆ dΩ . (1)
In all our simulations we compute the Poynting lumi-
nosity at several radii between the light cylinder and the
outer boundary. We find that the Poynting luminosity
converges with increasing radius, and is already close to
its asymptotic value for distances between 5 and 10 light-
cylinder radii from the NS center. This value is recorded
in Tables I and II.
In stationary and axisymmetric spacetimes one can de-
fine the angular frequency of the magnetic field lines ΩF ,
which, within the light cylinder of the pulsar, must equal
the angular frequency of the star . Hence, we also moni-
tor ΩF , which is given by [41]:
ΩF (r, θ) =
Ftr
Frφ
=
Ftθ
Fθφ
. (2)
III. INITIAL DATA
To study the effects of GR on the pulsar spin-down
luminosity we split our study into two stages: In the
first stage we treat slowly rotating NSs and in the second
4we consider rapidly rotating stars. Next we describe our
initial data.
A. Slowly rotating stars
The hydrodynamic and metric data we adopt for
“slowly” rotating NSs are solutions of the Tolman-
Oppenheimer-Volkoff (TOV) equations; see e.g. [1]. As-
suming that the star is rotating very slowly (T/|W |  1),
deviations from these spherical solutions are small and
of order O(Ω2). To model the stellar rotation we en-
dow these spherical stars with a uniform angular veloc-
ity field, in the same spirit as studies of pulsar magne-
tospheres in flat spacetime. Thus, our “slowly” rotating
pulsar study is the GR generalization of spherical pulsar
magnetospheres in Minkowski spacetime.
For a given angular speed and dipole magnetic mo-
ment, our simulations of magnetospheres depend solely
on the compaction C ≡ M/R of the slowly rotating
spherical star, where M is the gravitational (ADM) mass
of the star and R its areal radius. In other words, for a
given C we can use any equation of state to determine
the interior metric and hydrodynamic fields and obtain
the same spin-down luminosity. This is expected because
a) in GR, the spacetime outside a spherical star of com-
paction C is the same, independent of the interior metric
and structure, b) the stars are slowly rotating so that the
light cylinder radius is much larger than the stellar ra-
dius, and its boundary lies in the flat spacetime regime,
and c) the magnetosphere within the light-cylinder coro-
tates with the star, preserving its dipole magnetic field
structure. Using n = 0.5 and n = 1 polytropic TOV
models, we have confirmed our expectation that the cal-
culated spin-down luminosity is independent of the inte-
rior model for the NS, and depends only on the value of
C. Thus, we adopt a sequence of (analytic) incompress-
ible TOV stars (see e.g. [1]) which allow us to easily
sample the allowed range of stellar compactions for TOV
stars.
Table I summarizes the parameters of the sequence of
incompressible stars we consider in this study. Note that,
as the compaction of the star increases toward the maxi-
mum value 4/9(= 0.444¯), the central pressure and metric
begin to blow up, and when C = 4/9 the spacetime be-
comes singular [1].
Following [36], we endow these stars with a uniform
angular velocity
vφ ≡ dφ
dt
= Ω = constant, (3)
where Ω is the angular velocity measured at infinity. De-
viations from strict hydrostatic equilibrium for these con-
figurations are small since M/|W |  1 and T/|W |  1.
Adopting TOV solutions allows us to isolate and quan-
tify the effects of the compaction on the pulsar spin-down
luminosity, as frame dragging is not accounted for in the
metric.
TABLE I. Properties of TOV stars. We list the compaction
of the star C = M/R, the redshift Zp of a photon emitted
at the pole and measured by a static observer at infinity,
and the spin-down luminosity L, in units of the spin-down
luminosity of a force-free aligned rotator in flat spacetime
L0 = 1.02µ
2Ω4.
C Zp L/L0
0 0 1.0
0.020 0.209 1.018
0.080 0.091 1.048
0.126 0.156 1.067
0.153 0.201 1.077
0.211 0.315 1.085
0.337 0.750 1.091
0.398 0.120 1.093
We choose the angular velocity such that the expected
location of the light cylinder radius RLC = 1/Ω is ten NS
radii from the NS center. As the inner magnetosphere
(r⊥ = r sin θ ≤ RLC) corotates with the star, the angular
velocity of the magnetic field lines ΩF must equal Ω in
this region. As a result the light cylinder in GR can be
computed by finding the locus of points where the speed
of the magnetosphere, as measured, say, by a normal ob-
server, equals the speed of light. It is thus the cylindrical
surface on which the Lorentz factor Γ = −nαuα blows up,
where nα is the unit timelike vector normal to t =const.
slices and uα the four-velocity corresponding to vφ. The
condition Γ→∞ gives
1 =
γij (v
i + βi) (vj + βj)
α2
, (4)
where γij , α and β
i are the spatial metric, lapse function
and shift vector, respectively, defined through the 3+1
decomposition of the spacetime metric
ds2 = gµνdx
µdxν
= − α2dt2 + γij(dxi + βidt)(dxj + βjdt) .
(5)
As our spacetimes are asymptotically flat, at large dis-
tance R r, we have α→ 1, βi → 0, and γij → δij , and
Eq. (4) reduces to the well-known flat spacetime result
RLC = 1/Ω for the light-cylinder radius.
Choosing the angular velocity such that RLC = 10R
makes the computations tractable and is roughly con-
sistent with our approximation of slow rotation for the
majority of the models we consider here. The ratio of
the centrifugal to the gravitational acceleration at the
equator is
ac
ag
≈ T|W | ≈
Ω2R
M/R2
=
Ω2R3
M
= 0.01C−1 . (6)
For TOV stars with C & 0.15, T/|W | . 6%, hence most
of our stars, and especially the very high compaction
5ones, are slowly rotating. While the lower compaction
stars are not so slowly rotating, the rotation rate is suffi-
ciently slow that the light-cylinder radius is in the asymp-
totically flat regime, and our slow-rotation study is sim-
ply meant to serve as a generalization to the flat space-
time results.
B. Rapidly rotating stars
The hydrodynamic and metric data for our rapidly ro-
tating compact stars correspond to equilibrium models
of uniformly rotating relativistic NSs generated by the
Cook-Shapiro-Teukolsky (CST) code [38, 39]. We adopt
a polytropic equation of state
P = Kρ
1+1/n
0 , (7)
where P is the pressure, ρ0 the rest-mass density, and K
and n are the polytropic constant and index, respectively.
We perform our calculations of rapidly rotating stars
in polytropic units, employing dimensionless quantities
as in [38, 39]:
M¯ =K−n/2M , Ω¯ = Kn/2 Ω , (8)
x¯i = K−n/2 xi , t¯ = K−n/2 t , µ¯ = K−nµ , (9)
where M is the mass, xi are the spatial coordinates, t is
the time coordinate, and µ the dipole magnetic moment.
Our calculations scale with K, which can be set equal to
unity in our code.
We construct constant Ω¯ sequences with polytropic in-
dex n = 1. Table II summarizes the main parameters of
the rotating NS models we consider here. Each constant
Ω¯ sequence consists of models that range from the mass-
shedding limit to the maximum compaction configura-
tion for the given Ω¯. Models at the mass-shedding limit
are highly oblate, whereas the deviation from sphericity
of models near maximum compaction is small. We also
consider the “supramassive” NS limit for n = 1 [39], and
a rapidly rotating n = 0.5 model. A supramassive NS is
the maximum mass NS configuration for a given equa-
tion of state when allowing for uniform rotation. For
n = 1 such a configuration exceeds the maximum mass
of a nonrotating star by . 20%.
C. Electromagnetic fields
Flat spacetime studies of pulsar magnetospheres ini-
tialize the exterior NS magnetic field to a dipole mag-
netic field that is a solution of the vacuum Maxwell equa-
tions. Similarly, we assume that our GR stars possess an
exterior dipole magnetic field that at t = 0 is a solu-
tion to the vacuum Maxwell equations in Schwarzschild
spacetime. The corresponding toroidal vector potential
in Schwarzschild coordinates is given by [37]:
Aφ =
3µ sin2 θ
4M
[
1 +
r2
2M2
ln(1− 2M/r) + r
M
]
,
(10)
where µ is the dipole magnetic moment and M is the
gravitational mass of the NS. We use Eq. (10) to generate
the B-field, both in the interior and exterior of the star.
Our chosen Aφ is the GR generalization of the A-field
used in flat spacetime studies of pulsar magnetospheres.
Strictly speaking, this generalization is an equilibrium so-
lution only for our spherical stars, because a pure dipole
in the vacuum spacetime outside a rapidly rotating NS
is not given by Eq. (10). Given that we know of no an-
alytic equilibrium solution for a dipole magnetic field in
the vacuum spacetime of a rapidly rotating NS we use
Eq. (10) to generate the exterior magnetic field in our
rapidly rotating models as well.
We set the initial electric field according to the ideal
MHD condition [see Eq. (A1) in [36]]. To guarantee con-
tinuity of the electric field across the surface of the star,
we set the initial velocity ui to be zero in the exterior
except for the perpendicular component to the B-field,
which we choose to fall off as 1/r2 from its value at the
stellar surface. The initial Poynting vector is calculated
using
Sµ = −nν TµνEM , (11)
where TµνEM is the electromagnetic stress-energy tensor
[see e.g. Eq. (15) in [36]].
IV. RESULTS
In this section we first present a series of additional
new tests we performed to check our code, and then we
summarize the results from our numerical simulations of
the aligned rotator models summarized in Tables. I and
II.
A. Tests and calibration
In [36] we tested our code and GRMHD-FFE matching
technique using a suite of robust tests both in flat space-
time and 3D black hole spacetimes. We also reproduced
the well-known flat spacetime, aligned rotator solution.
To test the robustness of our code even further, and to
calibrate our curved spacetime solutions, we performed
the following three new tests: i) evolution of a TOV star
endowed with a general relativistic dipole magnetic field
and no rotation, ii) test of corotation of the inner mag-
netosphere for a highly compact, slowly rotating TOV
star, and (iii) evolution of a highly oblate star in flat
spacetime.
6TABLE II. Properties of uniformly rotating stars. We list
the angular velocity at infinity Ω¯, the period in milliseconds,
M Ω, where M is the ADM mass, the compaction C = M/R,
where R is the equatorial circumferential radius, the ratio of
the kinetic to the gravitational binding energy T/|W |, the
polar redshift Zp, the eccentricity e = (1−Rp/Re)1/2, where
Rp and Re are the proper equatorial and polar radii, and the
pulsar spin-down luminosity L in units of its flat spacetime
value L0 = 1.02µ
2Ω2.
Ω¯ Period(ms)a M Ω C T/|W | Zp e L/L0
0.005 0.030 0.101 0.050 0.828 1.036
0.009 0.075 0.030 0.094 0.483 1.075
0.013 0.132 0.012 0.173 0.317 1.096
0.10b 4.05 0.015 0.161 0.008 0.222 0.263 1.110
0.016 0.181 0.006 0.261 0.270 1.118
0.016 0.195 0.005 0.287 0.210 1.122
0.015 0.244 0.002 0.406 0.136 1.129
0.0147 0.059 0.097 0.104 0.825 1.071
0.0152 0.072 0.080 0.110 0.730 1.080
0.15b 2.70 0.0211 0.135 0.028 0.189 0.463 1.115
0.0243 0.183 0.014 0.272 0.339 1.138
0.0247 0.221 0.008 0.353 0.257 1.147
0.0231 0.243 0.004 0.404 0.207 1.149
0.0273 0.094 0.094 0.170 0.799 1.119
0.0294 0.129 0.056 0.202 0.735 1.139
0.0318 0.160 0.036 0.245 0.520 1.152
0.20b 2.02 0.0329 0.180 0.027 0.279 0.458 1.160
0.0334 0.194 0.022 0.305 0.417 1.165
0.0333 0.221 0.014 0.360 0.342 1.170
0.0229 0.243 0.006 0.404 0.250 1.174
0.38b 1.06 0.070 0.183 0.081 0.403 0.777 1.230
0.59c 0.84 0.057 0.165 0.136 0.330 0.800 1.357
a To assign physical units we choose the polytropic constant K
such that the supramassive limit mass for a given index n equals
the supramassive limit mass of the Akmal - Pandaripandhe -
Ravenhall equation of state [50], which is 2.46M [28].
b n=1.0
c n=0.5
1. TOV star
A straightforward calculation shows that the solu-
tion of the vacuum Maxwell equations given in Eq.
(10) satisfies the three force-free conditions FµνJ
ν = 0,
∗FµνFµν = 0 and FµνFµν > 0. As a result Eq. (10) is
also a solution to the general relativistic force-free elec-
trodynamic equations. Consequently, the GRMHD-FFE
evolution of a nonrotating TOV star endowed with a
dipole magnetic field generated by the vector potential
(10) must preserve the initial magnetic field. We have
confirmed that this is indeed the case for a star with
compaction C = 0.174. We evolved both the interior
and exterior solutions using our code and GRMHD-FFE
matching technique and found that the initial solution
is preserved. In Fig. 1 we plot the poloidal magnetic
fields at t/M = 0 and t/M = 442, which corresponds to
2/3 of an Alfve´n crossing time across the computational
domain, and demonstrate that the two fields overlap as
expected.
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FIG. 1. Poloidal magnetic field lines for a nonspinning
TOV star with compaction C = 0.174 and endowed with
a GR dipole magnetic field. The lines at t/M = 0 (black
dashed curves) overlap the field lines at t/M = 442 (blue
solid curves). The time t/M = 442 corresponds to ∼ 2/3
Alfve´n crossing time. Left panel: Far zone magnetic field
lines. Right panel: Near zone magnetic field lines.
2. Corotation of inner magnetosphere
In all of our evolutions we monitor the angular fre-
quency of the magnetic field lines ΩF computed via Eq.
2. To demonstrate that the inner magnetosphere coro-
tates with the star, even for highly curved spacetimes, we
show here the level of corotation our code achieves for a
TOV star with compaction C = 0.33 (see Table I).
Figure 2 plots ΩF on the x − z plane as a function
of the polar angle θ at r = 0.2RLC and r = 0.5RLC
at two different resolutions covering the stellar radius by
68 and 130 zones, respectively. Here r is the coordinate
radius. It is clear that the magnetosphere corotates with
the star even for such high compactions. Notice also
that the higher the resolution the higher the degree of
corotation, as expected from earlier results we reported
in flat spacetime [36]. Similar levels of corotation are
achieved for all models we consider here.
3. Evolution of an oblate star in flat spacetime
To quantify the effects of the shape of the stellar sur-
face on the structure of the magnetosphere and the spin-
down luminosity we evolve a highly oblate neutron star
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FIG. 2. Angular frequency of the magnetic field lines ΩF
normalized by the angular velocity of the star Ω as a func-
tion of the polar angle in the x − z plane at r = 0.2RLC
and r = 0.5RLC for a TOV star with C = 0.33. Two differ-
ent resolutions are shown (low and high). As expected, the
magnetosphere within the light cylinder RLC corotates with
star and the higher the resolution the higher is the degree of
corotation.
with eccentricity e = (1 − Rp/Re)1/2 = 0.799, where Rp
(Re) is the proper polar (equatorial) radius, that corre-
sponds to the shape and spin of the equilibrium model
near the mass-shedding limit of the sequence Ω¯ = 0.20
(see Table II). However, we assume a flat spacetime and
endow the star with a flat spacetime dipole magnetic
field.
The system is evolved until magnetic field relaxation,
which occurs after approximately three rotation periods.
The relaxed state has the same features as the pulsar
magnetosphere of a spherical star, i.e., an inner closed
magnetosphere which corotates with the star, an equato-
rial current sheet, and a Y point at the location of the
light cylinder, beyond which the field lines open. Figure 3
displays the poloidal magnetic field lines at t ≈ 6pi/Ω
demonstrating the above features.
We find that ΩF is equal to Ω at the same level of
accuracy as reported in Sec. IV A 2. We find that the
pulsar spin-down luminosity is L ≈ 1.01L0. Here L0
is the luminosity we calculate for an independent, high-
resolution simulation of a rotating spherical star in flat
spacetime,
L0 = 1.02µ
2 Ω4 ' 1043B212R610P−4ms
erg
sec
, (12)
where B12 = B/10
12G, R10 = R/10km and Pms =
P/1ms. Our Eq. (12) is consistent with the value
L = (1± 0.05)µ2 Ω4 reported in [17].
We conclude that for the same Ω and µ the outgoing
Poynting luminosity for an aligned rotator in flat space-
time is essentially independent of the shape of the stellar
surface. Notice that this result is not too surprising, since
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FIG. 3. Poloidal magnetic field lines on the x− z plane for a
rotating neutron star with eccentricity e = 0.799 and angular
velocity Ω¯ = 0.20 (see Table II) in flat spacetime after the
system has relaxed at t ≈ 6pi/Ω. The shaded areas designate
the stellar interior. Left panel: Magnetic field lines in the far
zone. The dashed vertical line indicates the light cylinder.
Right panel: Magnetic field lines in the near zone.
the magnetic field, both in the interior and the exterior
inner magnetosphere, corotates with the star, preserving
the location of the light cylinder radius beyond which the
field lines open and contribute to the outgoing Poynting
flux. Therefore, the shape of the stellar surface should
not matter and the results should be the same as if the
star were a sphere.
This test helps us conclude that deviations from the
flat spacetime spin-down luminosity in GR are likely not
due to the distorted surface of the star, and motivates our
looking elsewhere for GR corrections to the pulsar spin-
down luminosity. This is what we do in the following
sections.
B. Slowly rotating sequence
We evolved the sequence of TOV stars presented in
Table I until relaxation. We find that the global structure
of the magnetosphere has the same features as in flat
spacetime (see e.g. Fig. 3) with the main difference being
that the light-cylinder radius is now more consistent with
Eq. (4), rather than the flat spacetime value given by
RLC = 1/Ω.
Normalizing the pulsar spin-down luminosity to L0 =
1.02µ2 Ω4, we find that GR effects enhance the outgoing
Poynting luminosity over L0. We list the values of L/L0
for all cases in the last column of Tab. I, and plot L/L0
vs C = M/R, where M is the ADM mass and R the
areal radius of the star, and vs the redshift Zp from the
stellar surface as measured by static observer at infinity
in Fig. 4. As expected, models near the flat spacetime
8regime (C → 0) give rise only to a small enhancement of
the pulsar spin-down luminosity over L0. However, the
enhancement increases monotonically with C, reaching
a plateau for C & 0.35. For the maximum compaction
model we have considered, the resulting enhancement is
approximately 9.3%. As our C ≈ 0.4 model is close to
the maximum compaction limit for TOV stars (Cmax =
4/9), we do not expect any further enhancement beyond
C ≈ 0.4.
For the TOV sequence we investigated several fitting
functions of the form:
L = F (C)L0, (13)
for a given Ω and µ, and found that the following fourth-
order polynomial provides an excellent fit to the results
of our simulations:
F (C) = 1 + 0.78C − 2.16C2 − 1.77C3 + 0.55C4 .
(14)
The right panel in Fig. 4 shows the above fit, where C is
implicitly related to Zp by
Zp =
(
1− 2M
R
)−1/2
− 1 = (1− 2C)−1/2 − 1 . (15)
C. Rapidly rotating neutron stars
We evolved the rapidly rotating neutron star models
listed in Table II until relaxation. The global structure
of the magnetosphere in all cases is similar to the flat
spacetime one as expected. Figure 5 displays the relaxed
poloidal magnetic field lines on the x−z plane for the ul-
trastiff, highly distorted n = 0.5 neutron star model (see
Table II). The dashed (inner) line indicates the location
of the light cylinder calculated in GR via Eq. (4), while
the dotted (outer) line corresponds to the value of RLC in
flat spacetime. The location of the Y point agrees better
with the GR prediction.
Normalizing the pulsar spin-down luminosity L by
L0 we find that accounting for the stellar rotation self-
consistently results in a greater enhancement of L over
L0 than the values found in the previous section. The
higher the compaction of the star and the more rapidly the
star rotates, the larger the enhancement. The maximum
enhancement in L for each of the Ω¯ = 0.10, 0.15, 0.20
sequences is approximately 13%, 15% and 17%, respec-
tively. The maximum enhancement for n = 1 polytropes
we found here is set by the supramassive limit and is
23%. However, changing the stiffness of the equation
of state we can achieve greater enhancements. The en-
hancement in the spin-down luminosity over L0 for the
n = 0.5 model with angular velocity Ω¯ = 0.59 is 35%.
Therefore, we expect stiffer equations of state and more
rapidly rotating neutron stars to lead to even larger en-
hancements. We list the values of L/L0 for all cases in
the last column of Table II, and plot L/L0 vs C and vs
Zp in Fig. 4 for our n = 1 cases.
For the spin-down luminosity in the n = 1 rapidly ro-
tating cases we investigated fitting functions of the form
L = G(Zp, Ω¯)L0. (16)
We find that the following function
G(Zp, Ω¯) = 1 + 0.76 C(Zp)− 0.32 C(Zp)2 + 7.38 Ω¯2 C(Zp)
− 3.53 C(Zp)3 − 4.75 Ω¯2 C(Zp)2 , (17)
provides an excellent fit to the simulation data. Here
C(Zp) is an “effective” compaction function defined as in
Eq. (15),
Equation (17) has been chosen such that as Zp → 0,
G(Zp, Ω¯) → 1, thereby recovering the flat spacetime re-
sult L = L0. Moreover, we considered only even powers
in Ω¯ because the resulting spin-down luminosity must
not depend on whether the dipole magnetic moment is
aligned or antialigned with the spin angular momentum
of the star.
D. Resolution study and error bars
Convergence tests of our GRFFE code and our
GRMHD-GRFFE matching method in black hole space-
times and in black hole-neutron star binaries have already
been presented in [36, 40]. Here we perform a conver-
gence test of corotation of the near-zone magnetosphere
using our calculations of the supramassive n = 1 NS.
We compute the convergence factor cF defined as
cF =
‖u∆1‖
‖u∆2‖
, (18)
at two different resolutions ∆1 > ∆2, where we define
u = 1−ΩF /Ω at r/RLC = 0.5, and ‖ ‖ designates the L2
norm. Using three different resolutions: the low, medium
and high covering the stellar radius by 56, 68 and 85
zones, respectively, we found that the convergence factor
is cF = 1.479, when high and medium resolutions are
used, and cF = 2.127, when high and low resolutions
are used. These results imply that our code is 1.8-order
accurate on average, where the order of convergence p is
determined by solving cF = (∆1/∆2)
p for p.
Studying the spin-down luminosity L as a function of
resolution, we find that |(Lhigh − Llow)/Lhigh| ≈ 1%,
where Lhigh (Llow) is the spin-down luminosity in the
high (low) resolution. As we have found our results to be
convergent we place an error bar on our high-resolution
simulations of order 2%. This implies that the devia-
tions from the flat spacetime luminosity we reported in
the previous section are real and not due to numerical
error.
As pointed out by [20] and [22], some force-free and
MHD studies of aligned rotators, have strong numeri-
cal dissipation of the Poynting luminosity past the light
cylinder. Defining the dissipation of the Poynting lumi-
nosity in GR in the same way as in flat spacetime studies
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FIG. 4. Pulsar spin-down luminosity L normalized by L0 = 1.02µ
2Ω4, our flat-spacetime result, for models listed in Tables. I
and II. Left panel: L/L0 vs compaction C. Right panel: L/L0 vs polar redshift Zp, where the points are connected by the
fitting functions defined in Eqs. (14)-(17). The parameter space for rotating stars is contained between the left dashed line
(the mass-shedding limit) and the right dashed line (maximum compaction). The top point (triangle) corresponds to the
supramassive neutron star limit for n = 1. The lower shaded zone is the area of the parameter space that cannot be reached,
unless we assume flat spacetime.
(see e.g. [20]), is not meaningful because of gauge ambi-
guities that may arise due to calculating the luminosity
as a surface integral over a sphere of constant radius in
the strong-field regime. To show how much dissipation
may exist in our simulations, we plot in Fig. 6 the radial
dependence of the Poynting luminosity for a uniformly
rotating star with compaction C = 0.183 and angular
velocity Ω¯ = 0.15 (see Table II), where the light cylin-
der is in a regime where the gravitational field is not too
strong. Past a radius of 2 light-cylinder radii and out
to 10 light-cylinder radii, the luminosity drops only by
∼ 4%, asymptoting to the value we quote in Table II. It
is not entirely clear whether the drop is due to numerical
dissipation of the Poynting luminosity, to gauge contri-
butions in the surface integral, or to a combination of
the two. However, if it is due to dissipation, the result
indicates that the dissipation must be small and near our
quoted error bars.
V. CONCLUSIONS
Magnetized neutron stars possess a force-free magne-
tosphere. Pulsar magnetospheres have been studied nu-
merically over the last two decades. However, all of these
early force-free studies were carried out in flat space-
time. It has been suggested that general relativistic ef-
fects may become important but due mainly to frame
dragging [31, 32].
Using the new method we recently developed for
matching general relativistic ideal MHD to its corre-
sponding force-free limit, we have performed the first
systematic study of aligned rotator force-free magneto-
spheres in GR. We constructed equilibrium sequences of
“slowly” and rapidly rotating NSs. The former are mod-
eled as incompressible TOV stars covering almost the en-
tire allowed range of compaction. The latter are constant
Ω sequences of uniformly, rapidly rotating, GR, poly-
tropic stars generated by the CST code, and ranging from
the mass-shedding limit to the maximum compaction
configuration for a given stellar angular frequency Ω. We
endowed these stars with a weak GR dipole magnetic field
and evolved the fields to relaxation.
Some of our rapidly rotating NS models (those close to
the mass-shedding limit) are highly distorted (see Table
II). To ensure that any deviations from the flat space-
time spin-down luminosity are due to strong field effects
and not to the distorted surface of the stars, we evolved
a highly oblate star (with eccentricity e = 0.799) in flat
spacetime, and found that the outgoing Poynting lumi-
nosity is independent of the shape of the stellar surface,
i.e., the resulting spin-down luminosity is approximately
the same as if the star were a sphere spinning with the
same angular frequency and endowed with the same mag-
netic field.
Normalizing the spin-down luminosity L to its corre-
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FIG. 5. Poloidal magnetic field lines at the relaxed state
of the rapidly rotating n = 0.5 NS model (see Table II). The
shaded area designates the stellar interior. Left panel: Far-
zone solution. The vertical dashed (dotted) line indicates the
GR (flat spacetime) prediction for the location of the light
cylinder. Right panel: Near-zone solution. The Y point co-
incides with the GR prediction for the location of the light
cylinder.
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FIG. 6. Radial dependence of the Poynting luminosity L/L0
for an uniformly rotating star with compaction C = 0.183 and
angular velocity Ω¯ = 0.15 (see Table II). Notice that beyond
a radius of 2 light-cylinder radii and out to 10 light-cylinder
radii, the luminosity drops only by ∼ 4% which indicates that
the dissipation must be small.
sponding Minkowski value L0, we find that GR effects
give rise to a modest enhancement. As both the com-
paction and the stellar angular frequency increase, the
enhancement becomes more pronounced. In the “slow”
rotation limit, where we isolate the effects of compaction,
the maximum enhancement is ∼ 9.3%, independent of
the equation of state. However, for rapidly rotating stars,
where frame dragging is also important, the maximum
enhancement for n = 1 polytropes is ∼ 23%, and for a
rapidly rotating n = 0.5 polytrope we find an enhance-
ment of ∼ 35%. We expect stiffer equations of state
and more rapidly neutron rotating stars to lead to even
larger enhancements in the spin-down luminosity. For
the cases we studied here we provided fitting functions
for the general relativistic spin-down luminosity of the
form L = G(Zp,Ω)L0, where Zp is the gravitational red-
shift of light emitted from the NS pole as measured by a
static observer at infinity.
Our results show that even moderate compaction stars
(for which frame dragging is accounted for) have larger
L/L0 than the highest compaction TOV model (for which
frame dragging is not accounted for). Hence, it is natu-
ral to conclude that there is a strong correlation between
frame dragging and the enhancement of the spin-down
luminosity over its value in flat spacetime. This sugges-
tion is consistent with the findings of earlier theoretical
arguments [31, 32] of why GR pulsar magnetospheres are
different than those in flat spacetime. Further studying
the source of the differences between GR and flat space-
time studies of pulsars, is beyond the scope of this paper,
and will be the subject of a future work.
Should future gravitational wave observations prove
able to constrain the nuclear equation of state (see e.g.
[51–53] and references therein), our study of pulsar mag-
netospheres and similar future studies can constrain the
NS magnetic field strength and geometry as follows: pul-
sars in detached, mildly relativistic binaries allow for a
determination of the pulsar mass, the angular frequency
of rotation, and the spin-down rate. If the nuclear equa-
tion of state is known then the compaction of the NS
follows from the mass-radius relationship. As the spin-
down luminosity depends on the compaction, the angu-
lar speed and the magnetic field, then from observations
one can constrain the magnetic field, given that all the
other parameters are in principle measurable or can be
inferred. Even the obliquity angle between the magnetic
dipole moment and the rotation axis could possibly be
constrained, once oblique rotators are studied in GR.
This motivates an investigation of such rotators in GR,
which we intend to perform in a future study.
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